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A REMARK ON THE CONTINUOUS SUBSOLUTION PROBLEM
FOR THE COMPLEX MONGE-AMPE`RE EQUATION
S LAWOMIR KO LODZIEJ AND NGOC CUONG NGUYEN
On the occasion of Leˆ Va˘n Thieˆm’s centenary
Abstract. We prove that if the modulus of continuity of a plurisubharmonic
subsolution satisfies a Dini type condition then the Dirichlet problem for the
complex Monge-Ampe`re equation has the continuous solution. The modulus of
continuity of the solution is also given if the right hand side is locally dominated
by capacity.
1. Introduction
In this note we consider the Dirichlet problem for the complex Monge-Ampe`re
equation in a strictly pseudoconvex domain Ω ⊂ Cn. Let ψ be a continuous function
on the boundary of Ω. We look for the solution to the equation:
(1.1)
u ∈ PSH(Ω) ∩ C0(Ω¯),
(ddcu)n = dµ,
u = ψ on ∂Ω.
It was shown in [9] that for the measures satisfying certain bound in terms of
the Bedford-Taylor capacity [4] the Dirichlet problem has a (unique) solution. The
precise statement is as follows.
Let h : R+ → (0,∞) be an increasing function such that∫ ∞
1
1
x[h(x)]
1
n
dx < +∞.
We call such a function admissible. If h is admissible, then so is Ah for any number
A > 0. Define
Fh(x) =
x
h(x−
1
n )
.
Suppose that for such a function Fh(x) a Borel measure µ satisfies
(1.2)
∫
E
dµ ≤ Fh(cap(E)),
for any Borel set E ⊂ Ω. Then, by [9] the Dirichlet problem (1.1) has a solution.
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This statement is useful as long as we can verify the condition (1.2). In particular
if µ has density with respect to the Lebesgue measure in Lp, p > 1 then this bound
is satisfied [9]. By the recent results in [11, 12] if µ is bounded by the Monge-Ampe`re
measure of a Ho¨lder continuous plurisubharmonic function ϕ:
µ ≤ (ddcϕ)n in Ω,
then (1.2) holds for a specific h, and consequently, the Dirichlet problem (1.1) is
solvable with Ho¨lder continuous solution. Our result in this paper says that we can
considerably weaken the assumption on ϕ and still get a continuous solution of the
equation.
Let ̟(t) := ̟(t;ϕ, Ω¯) denote the modulus of continuity of ϕ on Ω¯, i.e,
̟(t) = sup
{
|ϕ(z)− ϕ(w)| : z, w ∈ Ω¯, |z − w| ≤ t
}
.
Thus |ϕ(z)− ϕ(w)| ≤ ̟(|z − w|) for every z, w ∈ Ω¯. Let us state the first result.
Theorem 1.1. Let ϕ ∈ PSH(Ω)∩C0(Ω¯), ϕ = 0 on ∂Ω. Assume that its modulus
of continuity satisfies the Dini type condition
(1.3)
∫ 1
0
[̟(t)]
1
n
t| log t|
dt < +∞.
If the measure µ satisfies µ ≤ (ddcϕ)n in Ω, then the Dirichlet problem (1.1) admits
a unique solution.
Let us mention in this context that it is still an open problem if a continuous
subsolution ϕ implies the solvability of (1.1).
The modulus of continuity of solution to the Dirichlet problem (1.1) was obtained
in [3] for µ = fdV2n with f(x) being continuous on Ω¯. We also wish to study this
problem for the measures which satisfy the inequality (1.2). For simplicity we
restrict ourselves to measures belonging to H(α,Ω). In other words, we take the
function h(x) = Cxnα for positive constants C,α > 0 in the inequality (1.2).
We introduce the following notion, which generalizes the one in [8]. Consider a
continuous increasing function F0 : [0,∞)→ [0,∞) with F (0) = 0.
Definition 1.2. The measure µ is called uniformly locally dominated by capacity
with respect to F0 if for every cube I(z, r) =: I ⊂ BI := B(z, 2r) ⊂⊂ Ω and for
every set E ⊂ I,
(1.4) µ(E) ≤ µ(I)F0 (cap(E,BI)) .
According to [1] the Lebesgue measure dV2n satisfies this property with F0 =
Cα exp(−α/x
−1/n) for every 0 < α < 2n. The case F0(x) = Cx was considered
in [8]. We refer the reader to [5] for more examples of measures satisfying this
property. Here is our second result.
Theorem 1.3. Assume µ ∈ H(α,Ω) with compact support and satisfying the con-
dition (1.4) for some F0. Then, the modulus of continuity of the solution u of the
Dirichlet problem (1.1) satisfies for 0 < δ < R0 and 2R0 = dist(supp µ, ∂Ω) > 0,
̟(δ;u,Ω) ≤ ̟(δ;ψ, ∂Ω) + C
[(
log
R0
δ
)− 1
2
+ F0
(
C0
[log(R0/δ)]
1
2
)]α1
,
where the constants C,α1 depend only on α, µ,Ω.
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2. Proof of Theorem 1.1
In this section we will prove Theorem 1.1. We need the following lemma. The
proof of this lemma is based on a similar idea as the one in [10, Lemma 3.1] where
the complex Hessian equation is considered. The difference is that we have much
stronger volume-capacity inequality for the Monge-Ampe`re equation.
Lemma 2.1. Assume the measure µ is compactly supported. Fix 0 < α < 2n and
τ = α/(2n+1). There exists a uniform constant C such that for every compact set
K ⊂ Ω,
(2.1) µ(K) ≤ C
{
̟
(
exp
(
−τ
2[cap(K)]
1
n
))
+ exp
(
2nτ − α
2[cap(K)]
1
n
)}
· cap(K)
where cap(K) := cap(K,Ω).
Proof. Fix a compact subset K ⊂⊂ Ω. Without loss of generality we may assume
that K is regular (in the sense that its relative extremal function [4] is continuous)
as µ is a Radon measure. Denote by ϕε the standard regularization of ϕ. We choose
ε > 0 so small that
supp µ ⊂ Ω′′ ⊂⊂ Ω′ ⊂ Ωε ⊂ Ω,
where Ωε = {z ∈ Ω : dist(z, ∂Ω) > ε}. Since for every K ⊂ Ω
′′ we have
cap(K,Ω′) ∼ cap(K,Ω)
(up to a constant depending only on Ω,Ω′) in what follows we will write cap(K)
for either one of these capacities. We have
0 ≤ ϕε − ϕ ≤ ̟(ε) := δ on Ω
′.
Let uK the relative extremal function for K with respect to Ω
′. Consider the set
K ′ = {3δuK + ϕε < ϕ− 2δ}. Then,
(2.2) K ⊂ K ′ ⊂
{
uK < −
1
2
}
⊂ Ω′.
Hence, by the comparison principle [4],
(2.3) cap(K ′) ≤ 2ncap(K).
Note that
(2.4) ddcϕε ≤
C
ε2
ddc|z|2, ‖ϕε + uK‖∞ =:M ≤ ‖ϕ‖∞ + 1.
The comparison principle, the bounds (2.4) and the volume-capacity inequality
from [1] (in the last inequality below) give us that
(2.5)
∫
K′
(ddcϕ)n ≤
∫
K′
(ddc(3δuK + ϕε))
n
≤ 3δ
∫
K′
[ddc(uK + ϕε)]
n
+
∫
K′
(ddcϕε)
n
≤ 3δMncap(K ′) + C(α)ε−2n exp
(
−α
[cap(K ′)]
1
n
)
cap(K ′).
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Choose
ε = exp
(
−τ
[cap(K ′)]
1
n
)
(we assume that ε is so small that it satisfies (2.2), otherwise the inequality (2.1)
holds true by increasing the constant) and plug in the formula for δ we get that
µ(K) ≤
∫
K′
(ddc(ϕ))n
≤ 3Mn̟
(
exp
(
−τ
[cap(K ′)]
1
n
))
· cap(K ′)
+ C exp
(
2nτ − α
[cap(K ′)]
1
n
)
.
This combined with (2.3) gives the desired inequality. 
We are ready to finish the proof of the theorem. It follows from Lemma 2.1 that
a suitable function h for the measure µ which satisfies (1.2) is
h(x) =
1
C̟(exp(−τx))
once we had ∫ ∞
1
1
x[h(x)]
1
n
dx < +∞.
By changing the variable s = 1/x, and then t = e−τ/s, this is equivalent to∫ e−τ
0
[̟(t)]
1
n
t| log t|
dt < +∞.
The finiteness is guaranteed by (1.3). Thus, our assumption on the modulus of
continuity ̟(t) implies that h is admissible in the case of µ with compact support.
Then, by [9] the Dirichlet problem (1.1) has a unique solution.
To deal with the general case consider the exhaustion of Ω by
Ej = {ϕ ≤ −1/j}
and define µj to be the restriction of µ to Ej . Denote by uj the solution of (1.1)
with µ replaced by µj . By the comparison principle
uj +max(ϕ,−1/j) ≤ u ≤ uj ,
and so the sequence uj tends to u = limuj uniformly which gives the continuity of
u. The proof is completed.
3. the modulus of continuity of solutions
In this section we study the modulus of continuity of the solution of the Dirichlet
problem with the right hand side in the class H(α,Ω) (definition below) under the
additional condition that a given measure is locally dominated by capacity.
Recall that a positive Borel measure µ belongs to H(α,Ω), α > 0, if there exists
a uniform constant C > 0 such that for every Borel set E ⊂ Ω,
µ(E) ≤ C [cap(E,Ω)]1+α .
The following result [8, Lemma 2] will be used in what follows.
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Lemma 3.1. Suppose 0 < 3r < R and B(z, r) ⊂ B(z,R) ⊂⊂ Ω. Let v ∈ PSH(Ω)
be such that −1 ≤ v ≤ 0. Denote
E(ε, v, B(z, r)) := {z ∈ B(z, r) : (1 − ε)v ≤ sup
B(z,r)
v},
where ε ∈ (0, 1). Then, there exists C0 depending only on n such that
cap(E,B(z, 2r)) ≤
C0
ε log(R/r)
.
Proof. See Appendix. 
Let us proceed with the proof of Theorem 1.3. Since µ ∈ H(α,Ω), according to
[9] we can solve the Dirichlet problem (1.1) to obtain a unique continuous solution
u. Define for δ > 0 small
Ωδ := {z ∈ Ω : dist(z, ∂Ω) > δ} ;
and for z ∈ Ωδ we define
uδ(z) := sup
|ζ|≤δ
u(z + ζ).
Thanks to the arguments in [11, Lemma 2.11] it is easy to see that there exists
δ0 > 0 such that
(3.1) uδ(z) ≤ u(z) +̟(δ;ψ, ∂Ω)
for every z ∈ ∂Ωδ and 0 < δ < δ0. Here we used the result of Bedford and Taylor
[3, Theorem 6.2] (with minor modifications) to extend ψ plurisubharmonically onto
Ω so that its modulus of continuity on Ω¯ is controlled by the one on the boundary.
Therefore, for a suitable extension of uδ to Ω, using the stability estimate for
measure in H(α,Ω) as in [7, Theorem 1.1] (see also [11, Proposition 2.10]) we get
Lemma 3.2. There are uniform constants C,α1 depending only on Ω, α, µ such
that
sup
Ωδ
(uδ − u) ≤ ̟(δ;ψ, ∂Ω) + C
(∫
Ωδ
(uδ − u)dµ
)α1
for every 0 < δ < δ0.
Thanks to this lemma we know that the right hand side tends to zero as δ
decreases to zero. We will use the property ”locally dominated by capacity” to
obtain a quantitative bound via Lemma 3.1.
End of Proof of Theorem 1.3. Let us denote the support of µ by K. Since ‖u‖∞ is
controlled by a contant C = C(α,Ω, µ), without loss of generality we may assume
that
− 1 ≤ u ≤ 0.
Then for every 0 < ε < 1
(3.2)
∫
Ωδ
(uδ − u)dµ ≤ ε µ(Ω) +
∫
{u<uδ−ε}∩K
dµ
We shall now estimate the second term on the right hand side.
Let us fix the notation that will be used later on. We may assume that Ω ⊂⊂
[0, 1]2n. Let us write z = (x1, ..., x2n) ∈ R2n and denote the semi open cube centered
at a point z0 of diameter 2r by
I(z0, r) := {z = (x
1, ..., x2n) ∈ Cn : −r ≤ xi − xi0 < r ∀i = 1, ..., 2n}.
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Then, by the assumption µ satisfies for every cube
I(z, r) =: I ⊂ BI := B(z, 2r) ⊂⊂ Ω
and for every set E ⊂ I,
(3.3) µ(E) ≤ µ(I(z, r))F0 (cap(E,BI)) ,
where F0 : [0,∞]→ [0,∞] is an increasing continuous function and F0(0) = 0.
Consider the semi-open cube decomposition of Ω ⊂⊂ I0 := [0, 1)
2n ⊂ R2n into
32ns congruent cubes of diameter 3−s = 2δ, where s ∈ N. Then
(3.4) {u < uδ − ε} ∩ Is ⊂ {z ∈ BIs : u < sup
BIs
u− ε},
where Is = I(zs, δ) and BIs = B(zs, 2δ) for some zs ∈ I0. Hence∫
{u<uδ−ε}
dµ ≤
∑
Is∩K 6=∅
∫
{u<uδ−ε}∩Is
dµ.
Using (3.3), (3.4), and then applying Lemma 3.1 for r = 2δ and R = 2R0, we have
for Bs := B(zs, 4δ) corresponding to each cube Is:
(3.5)
∫
{u<uδ−ε}∩Is
dµ ≤ µ(Is)F0(cap(E(ε, u,BIs), Bs))
≤ µ(Is) F0
(
C0
ε log(R0/δ)
)
,
where 2R0 = dist(K, ∂Ω). Therefore, combining the above inequalities, we get that∫
{u<uδ−ε}
dµ ≤ µ(Ω)F0
(
C0
ε log(R0/δ)
)
.
We conclude from this and Lemma 3.2 that
ω(δ;u, Ω¯) ≤ sup
Ωδ
(uδ − u) ≤ ̟(δ;ψ, ∂Ω) + C
[
ε+ F0
(
C0
ε log(R0/δ)
)]α1
.
If we choose ε = (logR0/δ)
−1/2 then Theorem 1.3 follows. 
4. Appendix
For the reader’s convenience we give the details of the proof of Lemma 3.1. The
following inequality is due to Alexander and Taylor [2, Lemma 3.3].
Lemma 4.1. Let B′ = {|z − z0| < r} ⊂⊂ B = {|z − z0| < R} be two concentric
balls centered at z0 in C
n. Let u ∈ PSH(B) ∩ L∞(B) with u < 0. There is a
constant C = C(n, Rr ) independent of u such that∫
B′
(ddcu)n ≤ C|u(z0)| sup
z∈B
|u(z)|n−1.
In particular, if R/r = 3 then the constant C depends only on n.
CONTINUOUS SUBSOLUTION PROBLEM AND MODULUS OF CONTINUITY 7
Proof. Without loss of generality we may assume z0 ≡ 0. Set ρ := (r + R)/2 and
B(ρ) = {|z − z0| < ρ}. We use the B locki inequality [6] to get∫
B′
(ddcu)n ≤
1
(ρ2 − r2)n−1
∫
B(ρ)
|v|n−1(ddcu)n
≤
(n− 1)!‖u‖n−1Bρ
(ρ2 − r2)n−1
∫
B(ρ)
ddcu ∧ βn−1,
where v(z) = |z|2 − ρ2 and β := ddcv = ddc|z|2. Next, by Jensen’s formula:
u(0) +N(ρ) =
1
σn−1
∫
{|ζ|=1}
u(ρζ)dσ(ζ),
where σ2n−1 is the area of the unit sphere,
N(ρ) =
∫ ρ
0
n(t)
t2n−1
dt
and
n(t) =
1
σn−1
∫
{|z|≤t}
∆u(z)dV2n(z) = an
∫
{|z|≤t}
ddcu ∧ βn−1.
Since n(t)/tn−2 is increasing, we have
N(R) ≥
∫ R
ρ
n(t)
t2n−1
dt ≥
n(ρ)
ρ2n−2
log(R/ρ).
From u < 0, it follows that N(R) < −u(0). Hence,∫
Bρ
ddcu ∧ βn−1 ≤
n(ρ)
an
≤
N(R)ρn−2
log(R/ρ)
≤
ρ2n−2|u(0)|
log(R/ρ)
.
Combining the above inequalities we get the desired estimate with the constant
C =
(n− 1)!ρ2n−2
(ρ2 − r2)n−1 log(R/ρ)
.
If R = 3r, then C is also independent of r. 
We are ready to prove Lemma 3.1. We shall reformulate it as in [8, Lemma 2]
and follow the proof given there.
Lemma 4.2. Denote for ρ ≥ 0, Bρ = {|z − z0| < e
ρR0}. Given z0 ∈ Ω and two
numbers M > 1, R0 > 0 such that BM ⊂⊂ Ω, and given v ∈ PSH(Ω) such that
−1 < v < 0, denote by E the set
E = E(δ) = {z ∈ B0 : (1 − δ)v ≤ sup
B0
v},
where δ ∈ (0, 1). Then, there exists C0 depending only on n such that
cap(E,B2) ≤
C0
Mδ
.
Proof. From the logarithmic convexity of the function r 7→ sup|z−z0|<r v(z) it fol-
lows that for z ∈ BM \B0 and a0 := supB0 v we have
v(z) ≤ a0
(
1−
1
M
log
|z − z0|
R0
)
.
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Hence,
a := sup
B2
v ≤ a0
(
1−
2
M
)
.
Let u = uE,B2 the relative extremal function of E with respect to B2. One has
v − a
a− a0/(1− δ)
≤ u.
So, for some z1 ∈ ∂B0 we have
u(z1) ≥
a0 − a
a− a0/(1− δ)
≥
2(δ − 1)
(M − 2)δ + 2
.
Note that E ⊂ {|z − z1| < 2R0} ⊂ |z − z1| < 6R0 ⊂ B2. Therefore, Lemma 4.1
gives
cap(E,B2) =
∫
{|z−z1|<6R0}
(ddcu)n ≤ C0‖u‖
n−1
B2
|u(z1)| ≤
C0
Mδ
.
This is the desired inequality. 
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